so kann ß und näherungsweise für kleine ß auch | v3 j als das Verhältnis der Materiegeschwindigkeit in der x3-Richtung zur Lichtgeschwindigkeit gedeutet werden. Aus den Feldgin. (9), (14) The polarisability theory of optical activity has been fully worked out in tensor notation, giving formulae for birefringence and optical activity of a crystal kept in an arbitrary orientation in a beam of light. It is shown that the theory so developed can also be applied to a simple molecule or a polymer chain of fixed orientation, with some minor modifications. Compact formulae have been obtained useful for these cases, which also bring out the idea of "coupled oscillators" for the occurrence of optical activity. The formulae can also be averaged over all orientations and this leads to an expression for the specific rotation of a solution of a polymer containing helical chains. The theory, as applied to the a-helix and other helices occurring in proteins and polypeptides is being reported separately.
; eingegangen am 27. Mai 1960) The polarisability theory of optical activity has been fully worked out in tensor notation, giving formulae for birefringence and optical activity of a crystal kept in an arbitrary orientation in a beam of light. It is shown that the theory so developed can also be applied to a simple molecule or a polymer chain of fixed orientation, with some minor modifications. Compact formulae have been obtained useful for these cases, which also bring out the idea of "coupled oscillators" for the occurrence of optical activity. The formulae can also be averaged over all orientations and this leads to an expression for the specific rotation of a solution of a polymer containing helical chains. The theory, as applied to the a-helix and other helices occurring in proteins and polypeptides is being reported separately.
Theories of optical activity are generally of two types, either involving coupled oscillators or purely in terms of optical principles, usually referred to as the polarisability theory 2 . KIRKWOOD 3 has shown that the quantum mechanical formulation of the coupled oscillators leads to the polarisability theory when certain reasonable approximations are made.
RAMACHANDRAN 4 has applied the polarisability theory for calculating the rotatory power of /?-quartz and some other crystals of simple structure, and has found reasonably satisfactory agreement with experiment. But similar calculations, from first principles, cannot be attempted on crystals having a more complicated structure, because of the for-1 eg. M. BORN, Phys. Z. 16, 251 [1915] . 2 eg. G. N. RAMACHANDRAN, Proc. Ind. Acad. Sei. A 33, 217 [1951] , which contains also detailed references to earlier literature.
bidding nature of the numerical computations. In this paper a general mathematical formulation of the polarisability theory is presented. Formulae are given in a very compact form by making use of tensor notation, and they may be conveniently used in calculating the rotatory power of crystals or solutions, i. e., randomly orientied molecules or chains of molecules. The method also leads to similar compact formulae for calculating the refractive indices of crystals for different directions. The theoretical formulae derived here have been applied to calculate the optical activity of helical structures such as polypeptides. This will be reported separately.
The electromagnetic theory
We shall first work out the theory for a crystal kept in an arbitrary orientation in a beam of light. The theory so developed can also be applied to a simple molecule or a polymer chain of fixed orientation, with some minor modifications. The result of the latter can then be averaged over all orientations so as to obtain the specific rotation of a solution.
Considering the case of the crystal, if the coordinate axes are taken along the principal axes of the crystal, the components of the displacement vector 2) and the electric vector @ of a linearly polarised wave will be connected by the relations 5
where Kt, K2, Kz are the principal dielectric constants and is the gyration vector whose components are given by (2) as linear functions of the components of the unit vector (5 specifying the direction of the wave normal. The parameters ga form a tensor of rank two, which in general need not be symmetric. However, the rotatory power along any direction in the crystal depends only on the symmetric part, neamly g (gij + ga). It can be shown 5 that the behaviour of an optically active crystal depends essentially on the parameter
Thus, if n0\ n0" are the two refractive indices, the crystal would have in the absence of optical activity for propagation along 3 , then the refractive indices of the two elliptically polarised waves that can be transmitted in the actual crystal are the positive roots n, n" of the equation
For propagation along an optic axis, or along any direction if the crystal is isotropic, n0' = n0" -h , say. Equation (4) then gives n 2 -n 2 = + G and since G is small, the refractive indices of the two circularly polarised waves may be written
and the rotatory power of the crystal is £ = ~ ^L-rad./cm.
A0 N
This equation is in agreement with the sign convention for optical activity adopted by writers on optics (e. g. Ref. 5), i. e. laevorotation corresponds to positive Q. However, in chemical literature, the opposite convention is used, particularly for solutions, so that when we calculate the specific rotation [a] of a solution, it will be related to Q by a negative sign as in (41).
It is obvious from the above that an actual rotation of the plane of polarisation of magnitude given by (6) occurs only in isotropic bodies and along the optic axes of an anisotropic crystal. For any other direction, the medium can be considered to have an optical rotatory power (6), where G is given by (3), which is the value it would have if there were no birefringence. So also, we may consider the medium to possess a birefringence An = -n0" in addition to its rotatory power. If d is the phase difference introduced per unit length due to the birefringence, then the phase difference A between the two elliptically polarised waves propagated along a general direction is given by 5
where ,o is given by (6), with the value (3) of G . In (6) one uses the mean refractive index n given by 5
It is known that this "method of superposition" gives results closely agreeing with observed facts for anisotropic optically active crystals. The problem of calculating the optical activity of a crystal therefore reduces to the determination of the parameter G for various directions, i. e. the components of the tensor gij. Since this tensor is directly connected to the expression (1) for ® in terms of occurring as it does only in the imaginary part of 2), it should be sufficient to obtain an expression for the displacement vector 2) in terms of the crystal structure and the polarisability tensor of its constituent parts. It is then possible to obtain an expression for gjj in terms of the structural parameters. This is the basic idea of the theory. For a molecule oriented at random, it comes out that in equation (6), G is just equal to (gn + g22 + g33)/3 so that this becomes a special case of the general treatment.
Basic formulae for curvilinear coordinates
In view of the fact that the theory is to be applied particularly to helical structures, the formulae have been developed using a general curvilinear coordinate system, and using the tensor notation for such a system. Obviously, such formulae will also be valid for any special coordinate system appropriate to a particular problem, e. g. an orthogonal cartesian system, or an oblique system as will be used for crystals of low symmetry.
The standard notations of tensor analysis have been followed throughout. Indices occur both as superfixes and suffixes, the former denoting contravariance and the latter covariance. The indices take on the values 1, 2, 3. Coupled indices, such as / in equation (10), denote summation for the three values of the index, and no separate symbol for this summation is used. Indices are also used for denoting particular quantities, e. g. (jk) in Rfi®. Such indices are enclosed in brackets and they do not possess tensorial character.
Associated tensors are formed by the usual process of raising or lowering the indices. For example. St and S ! occurring in (11) are connected by the relation St = ati S ! where ati is the metric tensor in the covariant form. Its relationship to the metric tensor in the contravariant form is given by ati a sl = dt s where dt s is the KRONECKER delta. Associated tensors represent the same physical quantity, though their components may be different.
In a general coordinate system equations (1) and (2) of the electromagnetic theory take the tensorial form
G^g/S 1 (10) where G ( is the gyration vector, gl is the gyration tensor and S l is the unit vector specifying the direction of the wave normal. Also
where estq is the skew symmetric tensor whose components are ± 1 according as stq is an even or odd permutation of 123, and zero in all other cases. The parameter G of equation (6) may now be written
Equations (9) and (10) determine the optical properties of the crystal. The refractive index is given by the tensor Ksq and the optical rotation along any direction is given by the tensor g{. Both these can be obtained if we can get the relation between the displacement vector Ds and the electric vector E q from the structure. We now proceed to obtain this relation.
Calculation from crystal structure
Let the incident plane polarised wave be represented by
where n is the refractive index and the wavelength in vacuo. Leaving out the time factor exp 1 71 v t let the macroscopic field at atom j be E q . The position of an atom k with respect to j may be specified by a vector defined at j. Then, the field at atom k, including the LORENTZ field may be written
where P q is the electric moment per unit volume.
The induced moment in atom k, neglecting interaction of neighbours is a^ j q (lc) where a® is the polarisability tensor of atom k. The contribution to the field at atom j by the dipole moment induced in atom k is thus given by
is the dipole-dipole interaction tensor which may be written in the form
where r 2 = ast R'jk) R{jk)
i. e., r is the distance between atoms j and k. In writing equation (13) it is presumed that the induced field at atom j is in phase with the moment of atom k, and hence out of phase with the macroscopic field E q at atom j. This is true because r I, the ratio being of the order of 1/1000 for the atoms in the immediate neighbourhood. The LORENTZ field, on the other hand, is a contribution by the more distant regions of the medium, and may be taken to be in phase with E q . This implies that in optically active crystals the LORENTZ field is real even though P q is complex, and must be taken as ^^P^real). ü The effective field at atom j is then 
Ps= I TM^
where V is the volume of the unit cell and N' the number of atoms in it, we have
where
The real and imaginary parts of equation (17) may be solved separately, the real part leading to birefringence and the imaginary part to optical activity.
Formula for birefringence
By equating the real parts of (17) 
is completely known in terms of the crystal structure. From Xt q the dielectric constant tensor may be evaluated, since
The two refractive indices of the crystal for the given wave normal may than be calculated by the usual methods of the electromagnetic theory, or with the help of the indicatrix.
Formula for optical activity (a) General formula
The optical activity of a crystal is completely determined by the gyration tensor which ultimately depends only on the structure of the crystal. However, in the polarisability theory, we assume that the incident wave is propagated through the crystal with the appropriate refractive index for the particular direction. As already mentioned, we may consider birefringence and optical activity separately, and consider them to be superposed in the crystal, to a good degree of approximation *. In fact in the previous section 4 dealing with refractive index, we had neglected optical activity. In the same way, we shall neglect the birefringence in this section and consider the wave to be propagated with a uniform mean refractive index n along any given direction. The best value for this mean index is given by (8) and this value is to be used on the right hand side of (19).
Thus, equating the imaginary parts of (17) Since E q is arbitrary, by comparing (22) with (9) we get £stq G f = -c yiSQ S l which on solving yields = e tsq Yisq S l .
Again, since S l is arbitrary, comparison with (10) gives gi* = lc e tsq ylsq.
* For a discussion of the degree of validity of the superposition principle, see Ref. 5. (
b) Formulation in terms of pairs of atoms
The summation involved in (24) may now be modified so as to obtain a formula which represents yisq as arising out of interactions in pairs. This way of writing the result is particularly useful in the case of molecules, and even for crystals or helices, it helps to make the numerical calculations more systematic. Also, it brings out the relationship to the idea of "coupled oscillators". We may thus write risQ=hZ Jie^Vp!' 1 » + aäi ^ in which the contribution of each pair of atoms such as j and k is counted twice. Instead we may delete the factor | and count each pair once only. Thus
where the atoms 1 to N' lie within the unit cell and those from N' + 1 to N" lie in one half of the LORENTZ'S sphere. Also since R(kj) = _R(m and Tll^l we have
Now interchanging the coupled indices s, q and also m, p in the second term and remembering that the polarisability tensors and the interaction tensors are all symmetric, we get z tsq Yisq = 2 y 2 «ä Tfff, a<*> R\ jk) .
Therefore the gyration tensor (26) may now be written
where c is given by (23). Since there are less number of terms in the summation (27) than in (24), the expression (28) for the gyration tensor is preferable to (26). From the method of derivation it is clear that in evaluating c from equation (23) we should use the mean refractive index of the crystal for the particular direction of propagation. Having obtained g/, the parameter G corresponding to any direction S l may be evaluated according to (11), and the rotatory power may then be calculated by means of (6) which also involves the mean refractive index. If the propagation is parallel to the optic axis, the mean index is just equal to the corresponding refractive index.
(c) Special case of symmetrical polarisability tensor
If the polarisability tensors of the atoms or groups have axes of symmetry, then using relation (46) of Appendix II we may write the gyration tensor (28) in the more explicit form
where b$' ) is the unit vector specifying the direction of the optical symmetry axis of group j, a© is its mean polarisability, ß® is the anisotropy ratio and oW = ---1 . a 1 " 7 ') and may be defined in
terms of the principal components of the polarisability tensor, namely at-^p, a^ and a^p , by means of the relations a </ > = i (off + 2 ag>) and ß® = («#> -ag>).
6. Optical activity of a randomly orientied system (i) It is obvious that the above theory is equally valid for a molecule kept in a specific orientation in a beam of light. In this case, both N' and N" will be equal to the number of atoms in the molecule. Since in any experiment, either with gases or solutions, the molecules will be orientied at random, it would be worthwhile to calculate the mean value of the optical rotation for all orientations. In such a case, the mean value of the scalar parameter G may be obtained by replacing the tensor StS l occurring in (11) by its mean value over all directions of the wave normal. According to (44) Appendix I, the mean value is J <5/, and hence the scalar parameter reduces to
In a dilute solution the molecules of the optically active substance are far apart. Therefore in computing the effective field at the place occupied by an atom belonging to a molecule, we need only take into account the contribution of the rest of the atoms in the molecule. That is, we may consider each molecule as a separate unit consisting of N atoms and occupying a volume V=V'/N0 where V is the volume of the solution containing one grammolecule of the solute and N0 is AVOGADRO'S number. Then, analogous to (28), the gyration tensor for the molecule may be written as 
In equation (33) we should use for n the refractive index of the solution; and the same value of the index is to be used in formula (6) also, in calculating the rotatory power Q. To evaluate L^) we may use (36) as such, choosing any convenient coordinate system, or adapt it for computation by vector analysis, as follows:
Let be the polarisability tensor of group j in the coordinate system of its principal axes, and let y\j) represent the coordinates in this system, the corresponding curvilinear coordinates being
We may now interpret 3/Srr 5 (5 = 1, 2, 3) as the covariant components of the unit vector b[u)S parallel to y W (j) axis, and write a= 2 b%sb$)m (38) «=1
Expressing a^ similarly and substituting these in (36) we get
and R (jk) -Z>{£>x&$ is the scalar triple product.
Here b$), (u, v = l, 2, 3) are unit vectors defining the principal optical axes of groups j and k respectively and R (^ is the vector joining them from j to k, r being its length. This results is closely analogous to that given by KIRKWOOD 3 .
The specific rotation of a solution is connected with the rotatory power Q by means of the relation
Now combining (6), (33), (34), and (41) we arrive at the general formula 4800:** No rf+2L
where L is given by (35) and (36). If the polarisability tensors have axes of symmetry, combining (35), (36) and (47) 
gUq R(jk) h(i) b(k)
where and b^ are unit vectors defining the optical symmetry axes of the groups j and k respectively. Equation (42) with L as given by (43) represents KIRKWOOD'S 6 formula in tensorial form. The apparent reversal of sign is due to the fact that the interaction tensor used by KIRKWOOD is the negative of the one used here.
(ii) The problem arises whether the above results are also valid for a suspension of a crystalline powder, in which the crystallites are oriented at random. Here, a simple answer cannot be given for it is closely connected with the propagation of light in a birefringent, optically active medium. If the crystallite size is large enough so that the electromagnetic equations for the solid in bulk are valid (i. e. large compared to the wavelength of light), then the mean optical rotation will be practically zero, for the effective rotation is very small for all directions except those very close to the optic axis (or axes). On the other hand, if the crystallite size is very small, as it occurs for instance in solutions of pro-teins or polypeptides, where an ordered helical chain exists and yet the dimensions are only of the order of a few hundred Angstroms, then the above formulae may be valid. However, since it is known from optical theory 5 that birefringence always decreases the optical rotation in such cases, the experimental value should be expected to be smaller than the theoretical specific rotation. A more detailed account of this problem is beyond the scope of the present paper.
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